An integral is exhibited which has the same value for all paths surrounding a class of notches in two-dimensional deformation fields of linear or non-linear elastic materials. The integral may be evaluated almost by inspection for a few notch configurations.
Introduction
Consider a homogeneous body of linear or non-linear elastic material free of body forces and subjected to a two dimensional deformation field (plane strain, generalized plane stress, anti-plane strain) so that all stresses aij depend only on two cartesian coordinates x, (= x) and x2 (= y) . Suppose the body contains a notch of the type shown in fig. 1 Here r is a curve surrounding the notch tip, the integral being evaluated in a contraclockwise sense starting from the lower flat notch surface and continuing along the path r to the upper flat surface. T is the traction vector defined according to the outward normal along r , T. = a..n. , u is the displacement vector, and ds is an element of arc length along r
We now prove that the integral J has the same value for all paths r Thus the integral along r1 contraclockwise and the integral along r2 clockwise sum to zero. J has the same value when computed by integrating along either r1 or r2 , and path independence is proven. We assume, of course, that the area between curves r1 and r2 is free of singularities.
Our scheme of approach to notch strain concentrations is first to point out in the next section that J can be explicitly evaluated for a variety of configurations and cases. The relation of the integral J to the rate of change of potential energy with respect to notch length will also be noted.
Then, in subsequent sections, by appropriate choices of the curve r on which J is evaluated, a variety of notch deformation concentration problems will be discussed.
Evaluations of the Integral J Two special configurations. The integral J may be evaluated almost by inspection for the two special configurations shown in fig. 2 . These configurations are not of great practical interest, but are useful in illustrating the relation between the integral J and potential energy variation rates which is taken up below. In fig. 2a , a semi-infinite flat surfaced -5- notch in an infinite strip of height h , loads are applied by clamping the upper and lower surfaces of the strip so that the displacement vector U is constant on each clamped boundary. Take r to be the dashed curve shown which stretches out to x = I -. There is no contribution to J from the portion of r along the clamped boundaries since dy = 0 and Wa/ax = 0
there. Also at x --, W = 0 and Wa/ax = 0 . The entire contribution to J comes from the portion of r at x + -, and since au/ax = 0 there,
where W is the constant strain energy density at x = + . Now consider the similar configuration of fig. 2b , with loads applied by couples M per unit thickness on the beam like arms so a state of pure bending (all in-plane stresses vanishing except a xx) results at x = --.
For the contour r shown by the dashed line, no contribution to J occurs at x = + -as W and T vanish there, and no contribution occurs for portions of r along the upper and lower surfaces of the strip as dy and T vanish. Thus J is given by the integral across the beam arms at x = -and on this portion of r , dy -ds , = 0 , and T (5b)
Our motives will be clear enough if we now employ path independence to shrink the curve r down to the curved notch tip, denoted by rt in fig. 1 .
Since the traction vector T vanishes on the notch surface
Without solving generally non-linear and unmanageably difficult boundary value problems, we have extracted a very significant bit of information on the concentrated deformation field at the notch tip. Recognizing W as a function of the surface strain along the tip, we obtain an averaged value of the concentrated strain by simply being able to estimate the strain energy in a homogeneous deformation field, eq. (4), or to solve the problem of pure bending of a beam, eq. (5b). Such simple connections are the essence of the method presented, but we defer the details to subsequent sections and take up next the estimate of J for small zones of notch tip yielding in materials of the elastic-plastic type.
Small scale yielding of elastic-plastic materials. The proof of path independence applies only to elastic materials for which a strain energy density exists. Thus we are here forced to consider deformation theories of plasticity (non-linear elasticity) rather than the physically more appropriate incremental theories. This should not be a great drawback [2, 3] for problems of monotonic loading. Specifically, we shall here understand the phrase "elastic-plastic material" to mean an elastic material exhibiting a linear Hookian response to stresses inside some initial yield surface in stress space, and a non-linear (strain hardening) response to stresses outside the initial yield surface. We consider a narrow crack-like notch and derive a formula for the integral J when the yielded zone is confined to a small region near the notch tip that is negligible in size in comparison to geometric dimensions such as notch length, unnotched specimen width, etc.
The situation envisioned has been termed "small scale yielding" [2, 4, 5] , and we employ a special boundary layer type formulation of the problem developed in work by the author [2, 5] and others [6, 7] , and described most fully in a recent survey [8] 
A physical interpretation in terms of energy comparisons for notches of neighboring size. In view of the path independence it should come as little surprise that a simple physical interpretation can be attached to J . Consider the two dimensional deformation of a body with cross section A' and bounding curve r' . Letting F" be that portion of r' on which nonvanishing tractions T are prescribed, we define the potential energy per unit thickness by
Suppose the body contains a flat surfaced notch, as in fig. 1 , with a tip at x = I and denote the potential energy by P(N) . We compare this with the potential energy P(£ + A£) of a body identical in every respect (same shape and same distribution of prescribed displacements and/or tractions on the boundary), except that the notch is longer with the tip now at a neighboring position x = £ + A£ . The shape of the curved notch tip rt is imagined the same in both cases. Then one may show that the integral J defined by eq. (2) is
the rate of decrease of potential energy with respect to notch length under fixed prescribed boundary values. The proof is fairly long, and is deferred to a subsequent report both in the interests of brevity and because a direct focus on energy variations is a subject in itself allowing a variety of further results on non-linear strain concentrations at notches. For the present, we simply note below that J does indeed equal the potential energy decrease rate for the cases evaluated above. 
is more likely to be a better approximation for our flat surfaced notch problems. In this case the maximum strain is estimated from
Certainly, neither assumption is exact and there is no way (without recourse to the detailed solutions we are trying to avoid) to decide which gives the best answer. As we shall see, resulting answers for maximum strain are somewhat sensitive to our choice. An examination of some results from known anti-plane strain solutions does, however, suggest that eq. (14b) be employed.
If we consider the elliptical void subjected to symmetrical antiplane strain loadings, the imagined zero modulus inclusion undergoes the homogeneous strain Eyz = Ymax/2 where ymax is the maximum concentrated "engineering" shear strain occurring at the notch tip. Matching shear strains y on the notch surface with shears in the inclusion
It happens that a solution for a crack in a uniform remotely applied anti-plane stress field has been given [2, 6] for elastic-plastic materials with arbitrary non-decreasing relations between stress and strain in the plastic range. Neuber [6] first pointed out that such crack solutions also give solutions for a family of smooth ended notches since stress trajectories in the crack solution may be thought of as traction free notch surfaces. Methods of locating such notch boundaries are discussed in [8] . If we take the small scale yielding solution [2] in which the crack is viewed as semi-infinite and generate the family of smooth ended semi-infinite notches by methods of [8] , the surprising result turns out that eq. (16a) is satisfied on the notch surface regardless of the relation between stress and strain in the plastic range.
Recalling that small scale yielding solutions give details correctly only near the notch tip, the assumption of a homogeneously deformed zero modulus inclusion accurately describes deformations of the notch tip at least at low load levels.
The shape of notch surfaces generated by stress trajectories of the crack solution do depend on the stress-strain relation. Parabolas result for linear elastic behavior. Perfectly plastic behavior leads to a semi-circular notch tip [8] where the stress trajectories pass through the crack plastic zone, and relatively flat notch surfaces where the trajectories pass through elastic material. This is especially encouraging as our formulation is for flat surfaced notches and our main interest is with ductile materials.
Neuber [6] pointed out for this class of anti-plane strain problems that the product of stress and strain concentration factors is independent of the stress-strain relation. A more careful examination of mathematical results [8] indicated the Neuber result to be valid only for small scale yielding of elastic-plastic materials, and only for the comparison of stress and strain concentrations at notch tips whose geometry does depend on the stress-strain relations. Thus the Neuber result is only approximately correct.
Rather, our present considerations of path independent integrals and their relation to potential energy variations appear to be the embracing principles which lead to Neuber's result in special cases. If we approximate notch tip deformations by eq. (16a) in anti-plane strain problems, the maximum concentrated strain is estimated from
where W(y) is the strain energy accompanying an anti-plane strain y of the notch surface. Strict equality holds for notch surfaces generated by stress trajectories of the small scale yielding crack solution, with J set equal to its linear elastic value (last term of eq. 10). 
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Inserting in eq. (14b) and solving for the maximum concentrated strain,
The numerical factor of 2.43 appears appropriate for a flat surfaced notch when one recalls the factor 2.00 for the narrow elliptical hole [14] of the same root radius. The ellipse represents a much less abrupt transmission of load around the notch tip (the ratio of semi-minor axis length to root radius approaches infinity as the ellipse is narrowed toward zero thickness).
For perfectly plastic behavior, let a y be the yield stress at points along the notch surface under plane strain conditions. With elastic compressibility a limiting yield stress in plane strain is really approached asymptotically when plastic strains become large compared to elastic strains 
is the yield strain given by Hooke's law under plane strain conditions. One then obtains from eq. (14b), when the yield strain is exceeded,
This equation, along with the linear elastic result, is plotted as the solid curve in fig. 6 . The ratio of maximum concentrated strain to yield strain is shown as a function of the square root of the terms on the right in eq. (18c), since this dimensionless representation of the applied load has the value unity at initial yield and, at least at low load levels when J is given by the linear elastic expression of eqs. (8, 9) , is linear in the applied load.
The left side of the above equation may be developed in a series, and if we neglect all terms which vanish when cmax/£ Y >> » ,
This equation gives a result for the maximum concentrated strain which is 15% too large at the initial yield load; the discrepancy with eq. (18c) becomes imperceptible at loads greater than three times the initial yield load.
Strain hardening poses no special difficulty with our present method.
For simplicity of resulting formulae, we shall limit attention to cases where concentrated strains are very large compared to the initial yield strain. Thus, for linear work hardening in the relation between stress and strain on the notch surface,
Here Ew is the tangent modulus (effectively) and terms of order ay y The reader is cautioned again that the latter forms in expressions above for £max apply only to the vase of small scale yielding near the narrow notch of length 2a in fig. 4 (that is, for a. less than approximately half of ay ); we consider approximations for large scale yielding later. Also, we have approximated strains on the notch surface by requiring compatibility with the homogeneous deformation of the void interior, eq. (14b).
Had we assumed instead that the energy density distribution remains the same as for the linear A lower bound on the maximum concentrated strain is readily established, for J = f Wdy < W(cmax ) dy = 2 rt W(cmax) (22a) rt rt with the latter form for a semi-circular tip.
For the elastic-perfectly plastic case, the resulting inequality is (23) where 6t is the separation distance at the crack tip. Thus, if the crack configuration is one of many for which J is known, we are able to solve for the crack opening displacement directly from the force-displacement curve. Now let us compare the Griffith theory of elastic brittle fracture with the fracture prediction from the Barenblatt type cohesive force model. Letting 6 be the separation distance in fig. 7b when the atoms at the crack tip can be considered pulled out of range of their neighbors, the value of J which will just cause crack extension (or, if crack extension is considered as reversible, will maintain equilibrium at the current crack length) is then
On the other hand, the Griffith theory regards the total potential energy of a cracked body as P + 2 S Z , where I is crack length, S is surface energy, and P is the potential energy defined by the continuum mechanics solution without regard to cohesive forces. Determining equilibrium by setting the variation in total potential to zero,
We conclude that the Griffith theory is identical to a theory of fracture based on atomic cohesive forces, regardless of the force-attraction law, so long as the usual condition is fulfilled that the cohesive zone be negligible in size compared to characteristic dimensions (small scale yielding). This is because the area under the force-separation curve is by definition twice the surface energy and, as we have noted, J is equal to the potential energy decrease rate for small scale yielding.
Strain hardening behavior is also readily included in the Dugdale model;
analyses to date have been limited to perfect plasticity. For example, with linear work hardening
) wh where h is sheet thickness, E a tangent modulus, and the strain approxiw mated by 6/h , eq. (23) gives the crack opening displacement as [20] . However, in thin sheets with the plastic zone extending over a distance several times the thickness, estimates of crack opening displacements may be expected to be reasonably accurate as the tip displacement is an integrated effect of plastic straining along the entire length of the plastic zone. Experimental confirmations of perfectly plastic predictions for plastic zone sizes [19] and crack opening displacements [20] have been satisfactory, and opening displacements have proven a useful, if imperfect, measure of the severity of local deformations in the formulation of fracture criteria [21] . Because it will be useful for a later comparison with plane strain plasticity, we record here the expression for the length of the cohesive zone in the case of constant cohesive stress a 0 and the crack of length 2a in a uniform stress field. Letting R be the cohesive zone length, the result
The latter form is the first term in a Taylor expansion. Again we verify that the elastic stress intensity factor (eq. 9) controls inelastic behavior in the small scale yielding range. Setting a0 = a (the yield stress in tension), R is the plastic zone size in plane stress predicted by the Dugdale model. The model is valid when the computed value of R is several times the sheet thickness.
Other known elastic-plastic solutions for cracks and notches may be used to estimate J for cases of large scale yielding. In particular the many available perfectly plastic [5, 7, 8] 
where T is the yield stress in pure shear. We choose tension instead of compression for a since the latter choice would result in biaxial compression ahead of the crack. Any slip line emanating from the crack surface and finding its way to the x axis in front of the crack must swing through an angle of w/2 . Thus a hydrostatic stress elevation of 2 Ty(w/2) must result ahead of the crack [15] . Constant stresses on this line determines a constant stress state in a diamond shaped region (B in fig. 9 
A centered fan (C in fig. 9 ) must join two such regions of constant stress [15, 24] and stresses in the fan are
The resulting slip line field is familiar in the limit analysis of rigid indentors [15, 24] and double edge notched thick plates [23, 25] . For simplicity of illustration, the crack tip has been drawn as a semi-circle in fig. 10 and the associated exponential spiral slip line field [15, 24] extends a distance of 1.9 6t ahead of the blunted tip. From estimates of the plastic zone size to be given shortly, we shall see that 6t is of the order of the initial yield strain times a linear dimension of the plastic zone, so that the intense deformation region is extremely small and fig. 10 is essentially fig. 9 with a magnification in linear dimensions of the order of one over the initial yield strain. Since the blunted region is small, an effective procedure would be to perform an incremental analysis of blunting by regarding the constant displacement rate along each straight slip line of the noncentered fan to be given by the rate of increase of u = u (6) of our present analysis (where 6 is now the r r inclination of a given straight slip line and is identical to the polar coordinate e at distances from the tip large compared to 6t) .
Calling R(e) the distance from the crack tip to the elastic-plastic boundary, as an approximation, let us assume that R(e) = R (a constant) (37a) so that the boundary is an arc of circle of radius R in the centered fan. r is any curve surrounding the notch tip; rt denotes the curved notch tip. Uniform remote stress a . 0 is tangent angle and rt( ) is radius of curvature.
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